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HOMOGENEOUS SOLUTIONS OF PLURICLOSED FLOW ON CLOSED
COMPLEX SURFACES
JESS BOLING
ABSTRACT. Streets and Tian introduced a parabolic flow of pluriclosed metrics. We clas-
sify the long time behavior of homogeneous solutions of this flow on closed complex sur-
faces including minimal Hopf, Inoue, Kodaira, and non-Ka¨hler, properly elliptic surfaces.
We also construct expanding soliton solutions to the flow on the universal covers of these
surfaces by taking blowdown limits of these homogeneous solutions.
1. INTRODUCTION
The Ricci flow ∂tg = −2Rc(g) is a well known tool for the study of Riemannian man-
ifolds, but is not well suited for Hermitian geometry because the Ricci tensor, in general,
is not Hermitian symmetric; under the Ricci flow an arbitrary Hermitian metric need not
remain Hermitian for positive times. If the Ka¨hler condition is imposed the Ricci tensor
is Hermitian symmetric and the resulting flow is known as Ka¨hler-Ricci flow. By the ∂∂¯-
lemma the Ka¨hler-Ricci flow then reduces to a parabolic Monge-Ampere equation for a
single function. This reduction to a single scalar PDE makes analysis of the long time
behavior and singularity formation of Ka¨hler-Ricci flow tractable, and has been used for
example in [1] to prove existence results for Ka¨hler-Einstein metrics on Ka¨hler manifolds
and in [12] to give precise statements of the maximal existence time for the flow in terms
of cohomological data of the initial metric.
In the interest of studying general Hermitian manifolds, in particular to obtain classifi-
cation results for non-Ka¨hler complex manifolds, it is natural to consider geometric flows
constructed from curvature and torsion tensors associated to Hermitian compatible con-
nections which agree with the Levi-Civita connection when the metric is Ka¨hler. It is from
this interest that we begin.
Let (M2n, g, J) be a Hermitian manifold with complex structure J and compatible
Riemannian metric g. The fundamental or Ka¨hler 2-form associated to the metric is ω =
g(J ·, ·) and we say the metric is pluriclosed if
∂∂ω = 0.
In [10, 9], Streets and Tian introduce a parabolic flow of Hermitian metrics which, when
the metric is pluriclosed, is equivalent to the following
∂ω
∂t
= ∂∂∗ω + ∂∂
∗
ω +
√−1
2
∂∂ log det g.(1)
We present the long time behavior of (1) on all compact Hermitian surfaces which are
locally homogeneous. These include hyperelliptic, Hopf, Inoue, Kodaira, and non-Ka¨hler
properly elliptic surfaces. We will also construct expanding soliton solutions of the flow
on the universal covers of these spaces. Our theorem to this end will be:
1
2 JESS BOLING
Theorem 1.1. Let g(·) be a locally homogeneous solution of pluriclosed flow on a com-
pact complex surface which exists on a maximal time interval [0, T ). If T < ∞ then the
complex surface is rational or ruled. If T = ∞ and the manifold is a Hopf surface, the
evolving metric converges exponentially fast to a canonical form unique up to homothety.
Otherwise, there is a blowdown limit
g˜∞(t) = lim
s→∞
s−1g˜(st)
of the induced metric on the universal cover which is an expanding soliton in the sense that
g˜(t) = tg˜(1) up to automorphism.
This is analogous to the construction of expanding Ricci solitons in [7]. We also com-
pute the time-rescaled Gromov-Hausdorff limits of our solutions and observe collapse to
points, circles, and curves of high genus.
Theorem 1.2. Let g(·) be a locally homogeneous solution of pluriclosed flow on a compact
complex surface (M,J) which exists on the interval [0,∞) and suppose that (M,J) is not
a Hopf surface. Let gˆ(t) = g(t)
t
.
1. If the surface is a torus, hyperelliptic, or Kodaira surface, then the family (M, gˆ(t))
converges as t→∞ to a point in the Gromov-Hausdorff sense.
2. If the surface is an Inoue surface, then the family (M, gˆ(t)) converges as t → ∞ to a
circle in the Gromov-Hausdorff sense and moreover the length of this circle depends only
on the complex structure of the surface.
3. If the surface is a properly elliptic surface where the genus of the base curve is at least 2,
then the family (M, gˆ(t)) converges as t →∞ to the base curve with a metric of constant
curvature.
4. If the surface is of general type, then the family (M, gˆ(t)) converges as t → ∞ to a
product of Kahler-Einstein metrics on M .
Remark: We note that homogeneous solutions of pluriclosed flow on Inoue and non-
Ka¨hler properly elliptic surfaces have similar asymptotics and Gromov-Hausdorff limits
as the example solutions to Chern-Ricci flow on these surfaces considered in [13], and our
arguments for the Gromov-Hausdorff limits in these cases are the same as in [13].
The organization of the paper is as follows. In Section 2 we will provide background dis-
cussion and calculations for the homogeneous Hermitian geometries considered through-
out the paper. In section 3 we will analyze the long time behavior of the flow for each of
the geometries in section 2 and prove Theorem 1.2. In Section 4 we complete the proof of
Theorem 1.1 by performing blowdown limits on the solutions of Section 3. We conclude
the paper with a discussion of future work which would build off the results of this paper.
Acknowledgments: The author would like to thank Jeff Streets for introducing him to
this subject and for many helpful discussions.
2. BACKGROUND
2.1. Hermitian Connections and Curvature. Let (M2n, g, J) be a Hermitian manifold
with fundamental 2-form ω. With a condition on the torsion, Gauduchon [3] has shown
that there is a canonical 1-dimensional family of Hermitian connections∇τ on M . When
τ = 1 we obtain the Chern connection∇c = ∇1. It is defined by
g(∇cXY, Z) = g(∇gXY, Z)−
1
2
dω(JX, Y, Z)
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where ∇g is the Levi-Civita connection of g. In local holomorphic coordinates the Chern
connection∇c has coefficients
Γkij = g
lkgjl,i
where
gjl,i =
∂
∂zi
gjl.
If Rc(X,Y )Z = ([∇cX ,∇cY ] −∇c[X,Y ])Z is the (3, 1) curvature tensor of the Chern con-
nection, its Ricci form is defined by
ρcω =
1
2
Σ
i
Rc(X,Y, Jei, ei).
Here ei is an orthonormal basis of the (real) tangent space. In local holomorphic coordi-
nates the Ricci form of the Chern connection is given by
ρcω = −
√−1
2
∂∂ log det g.
In a more invariant form, if ω and ω0 are two hermitian metrics, their Chern-Ricci forms
are related by
ρcω = ρ
c
ω0
−√−1∂∂ log ω
n
ωn0
,
whereωn = ω∧ω∧. . .∧ω. This formula is useful for computing with invariant metrics. For
example, it is immediate that ρcω = ρcω0 whenever ω and ω0 have proportionally constant
volume forms.
The Bismut connection is defined by
g(∇bXY, Z) = g(∇gXY, Z) +
1
2
dω(JX, JY, JZ)
and is the connection corresponding to τ = −1 in the family of Gauduchon. As with the
Chern connection, there is an associated Bismut-Ricci form
ρbω =
1
2
Σ
i
Rb(X,Y, Jei, ei).
The Bismut-Ricci and Chern-Ricci forms are related by
ρbω = ρ
c
ω − dd∗ω
and so we obtain
Lemma 2.1. Pluriclosed flow is given by
dω
dt
= ∂∂∗ω + ∂∂
∗
ω +
√−1
2
∂∂ log det g = −(ρbω)(1,1).
2.2. Homogeneous Hermitian Geometries. In this section we will give a short summary
of homogeneous Hermitian geometry in complex dimension two. We will begin with a few
notions from homogeneous Riemannian geometry.
Definition 2.2. A Riemannian manifold (Mn, g) is locally homogeneous if for any two
points x, y ∈ M there exists an isometry θ : U → V between open neighborhoods x ∈ U
and y ∈ V such that θ(x) = y. (M, g) is globally homogeneous if the locally defined
isometries θ are defined on all of M .
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Given that the universal cover of any complete, locally homogeneous Riemannian man-
ifold is globally homogeneous, in order to classify complete, locally homogeneous Rie-
mannian manifolds it is enough to classify the simply connected, complete, homogeneous
Riemannian manifolds together with their co-compact lattices. With a globally homoge-
neous Riemannian manifold the isometry group Iso(M, g) acts transitively on M . Then
the isotropy groups
Gx = {θ ∈ Iso(M, g) θ(x) = x}
are all conjugate, isomorphic to closed subgroups of O(n), and M is diffeomorphic to the
quotient G/Gx. A first step toward the classification of such spaces, then, is to find closed
subgroups ofO(n) of dimension k and embeddings of these subgroups into unimodular Lie
groups of dimension n+ k. That the same manifold M can arise from different quotients
in this way is addressed with the following definition.
Definition 2.3. A (minimal) model geometry is
1. A complete, simply connected, homogeneous Riemannian manifold (M, g) where the
metric g is the pullback of a metric on some compact manifold whose universal cover is
M , together with
2. A closed subgroupG of Iso(M, g) acting transitively on M such that G is minimal with
this property.
A list of the four dimensional model geometries can be found in [5] in the context of
homogeneous Ricci flows and is summarized below. Note that we have omitted the groups
G.
Proposition 2.4. The four-dimensional model geometries are either
1. Products of two-dimensional model geometries S2,R2 and H2,
2. S4,CP 2, H3 × R,CH2, H4, or
3. A simply connected 4-dimensional Lie group which has a co-compact lattice.
The metrics in the first and second cases are products of canonical, well known Einstein
metrics, while the metrics on each of the Lie groups are left invariant.
Here Hn is hyperbolic space of dimension n, CPn is complex projective space with a
Fubini-Study metric, and CHn is complex hyperbolic space: an open ball in Cn with the
Bergman metric.
Definition 2.5. A complex structure J is compatible with a model geometry (M, g,G) if G
acts by holomorphic isometries. If J is compatible we say that (M, g, J) is homogeneous
Hermitian.
Wall [15] classified the (integrable) complex structures up to isomorphism and conju-
gation which are compatible with a given 4-dimensional model geometry.
Proposition 2.6. The 4-dimensional model geometries which admit a compatible inte-
grable complex structure are either
1. Products of the two-dimensional model geometries S2 = CP 1, R2 = C, and H2 =
CH1, with canonical product complex structures,
2. CP 2 and CH2, with canonical complex structures, or
3. A 4-dimensional Lie group with a left invariant integrable complex structure
Proof. We will give a brief sketch; for details see [15]. Let J be a compatible integrable
complex structure on a four-dimensional model geometry (M, g,G). First, note that J
must commute with the action of the isotropy group on the tangent space at each point.
For the model geometries S4, H3 × R, and H4 where the isotropy group contains a copy
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of SO(3), there can be no such commuting J . The remaining cases are either Lie groups,
CP 2, CH2, or products of two-dimensional models. The standard complex structures on
CP 2, CH2, and the product cases are compatible with the model geometry structure and
are the unique compatible complex structures up to automorphism and conjugation. The
Lie group cases are treated as follows.
A compatible complex structure on a Lie group G is determined by its action on the
Lie algebra g of left invariant vector fields. Note that J is integrable if, and only if, the√−1-eigenspace of the complexification JC : gC → gC is a Lie subalgebra of gC. Let ei
be a basis of g and let ckij be the structure constants of g with respect to such a basis, so
that
[ei, ej ] = c
k
ijek.
Because there are only two 2-dimensional complex Lie algebras up to isomorphism, if J is
integrable there is a basis Z1, Z2 of the
√−1-eigenspace of JC where either [Z1, Z2] = 0
or [Z1, Z2] = Z2. WritingZi = ajiej for some a
j
i ∈ C, the integrability condition becomes
ai1a
j
2c
k
ij = ǫa
k
2(2)
where ǫ = 0 or 1 depending on whether or not the
√−1-eigenspace is abelian. Once a
solution aji to the above equations is known, if we let
X1 = (ℜaj1)ej , X2 = −(ℑaj1)ej , X3 = (ℜaj2)ej , X4 = −(ℑaj2)ej,
then an integrable complex structure is given by JX1 = X2 and JX3 = X4. As there are
possibly many solutions to the above system, automorphisms of g substantially reduce the
number of cases that one needs to consider. Doing this on a case by case basis for each
of the Lie algebras in Proposition (2.4) completes the proof and gives the list of complex
structures. 
We now list the complex structures and corresponding groups of the previous proposi-
tion. In each case we will use a left invariant basis Zi of T 1,0M and give the Lie brackets
with respect to this basis; the complex structure is JCZi =
√−1Zi. When there is more
than one compatible complex structure we list a family of Lie brackets with respect to such
a basis.
(1) On R4 there is a unique compatible complex structure. Quotients by a cocompact
lattice in this case give complex tori.
(2) On E˜(2) × R there is a unique compatible complex structure. Here E˜(2) is the
universal covering group of the rigid motions of the Euclidean plane. The non-
vanishing Lie brackets with respect to a T 1,0 frame are
[Z1, Z2] = Z1 [Z1, Z2] = −Z1
and compact quotients in this case are hyperelliptic surfaces.
(3) On R × SU2 there is a one parameter family of compatible complex structures
(parameterized by α ∈ R) with brackets
[Z1, Z2] = Z2 [Z1, Z2] = −Z2
[Z2, Z2] = (
√−1α− 1)Z1 + (
√−1α+ 1)Z1.
Here the compact quotients give Hopf surfaces.
(4) On S˜L2(R)×R there is a one parameter family of compatible complex structures
with brackets
[Z1, Z2] =
√−1Z1 [Z1, Z2] =
√−1Z1
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[Z1, Z1] = (
√−1− α)Z2 + (
√−1 + α)Z2.
Quotients by a cocompact lattice in this case give non-Ka¨hler, properly elliptic
surfaces.
(5) On Nil3 × R there is a unique compatible complex structure whose brackets are
[Z1, Z1] =
√−1(Z2 + Z2).
The quotients in this case form Kodaira surfaces.
(6) There is a semi-direct product Nil3 ⋊ R with two compatible complex structures
given by
[Z1, Z2] = ǫZ1 [Z1, Z2] = −ǫZ1,
[Z1, Z1] = −ǫ
√−1(Z2 + Z2).
where ǫ = ±1. Compact quotients in this case are Kodaira surfaces.
(7) There is a family of solvable Lie groups with complex structures
[Z1, Z2] = λZ1 [Z1, Z2] = −λZ1,
[Z2, Z2] = 2a
√−1(Z2 + Z2),
where λ = −b+√−1a is a complex number. These do not always have a cocom-
pact lattice; when such a lattice exists the quotient forms an Inoue surface.
(8) The solvable Lie group Sol41 has two compatible complex structures. The first is
given by
[Z1, Z2] = −Z2 [Z1, Z2] = −Z2,
[Z1, Z1] = Z1 − Z1,
and we will call Sol41 with this complex structure Sol1. The second is given by
[Z1, Z2] = −Z2 [Z1, Z2] = −Z2,
[Z1, Z1] = Z1 − Z1 + Z2 − Z2,
which we will call Sol′1. The quotients in each these cases form Inoue surfaces.
2.3. The Bismut-Ricci Form of a Left Invariant Metric. We next record a basic lemma
concerning the left invariant Hermitian metrics that we will consider on the previous Lie
groups.
Lemma 2.7. Let (M4, J) be a 4-dimensional Lie group with a left invariant complex
structure. With a basis Zi of left invariant T 1,0M vector fields, any Hermitian metric
g is determined by complex valued functions x = g(Z1, Z1), y = g(Z2, Z2), and z =
g(Z1, Z2) satisfying x, y > 0 and xy − |z|2 > 0. If ζi is the dual basis to the Zi, the
Ka¨hler form ω(·, ·) = g(J ·, ·) is given by
ω =
√−1(xζ11 + yζ22 + zζ12 + zζ21),
where ζij = ζi ∧ ζj is the wedge product. The metric g is left invariant if and only if x, y,
and z are constant on M .
A formula for the Ricci form associated to each of the canonical connections∇τ for a
left invariant Hermitian metric was computed in [14], the following proposition concerns
the special case of the Bismut connection.
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Proposition 2.8. [14] Let (M2n, g, J) be a Lie group with a left invariant Hermitian struc-
ture. Then the Bismut-Ricci form can be written as ρb = dη, where
η = ηiζ
i + ηiζ
i
ηi =
√−1cjij −
√−1gjkcl
kj
gil
and ckij , ckij are the structure constants of the Lie algebra with respect to the Zi, Zi
3. PLURICLOSED FLOW ON THE MODEL GEOMETRIES
We are now ready to compute the pluriclosed flow equations
dω
dt
= −(ρbω)(1,1)
for the homogeneous Hermitian metrics of the previous section and to prove Theorem 1.2.
Recall that our metrics have the form
ω =
√−1(xζ11 + yζ22 + zζ12 + zζ21)
with respect to the above T 1,0M frames.
3.1. Hyperelliptic Surfaces.
Lemma 3.1. Let ω be a left invariant Hermitian metric on E˜(2) × R and let ζi be a
(T 1,0)∗M frame satisfying
dζ1 = −ζ12 + ζ12 dζ2 = 0.
Then
η1 =
√−1 zx
xy − |z|2 ,
ρb =
√−1 zx
xy − |z|2 (−ζ
12 + ζ12) + conjugates.
Corollary 3.2. Pluriclosed flow for a left invariant metric on E˜(2)× R satisfies
x′ = y′ = 0
z′ = − xz
xy − |z|2 .
Where x′, y′, z′ denote time derivatives of x, y, z. In particular, |z| = O(e−Ct) for some
constant C depending on the initial condition.
Corollary 3.3. Under pluriclosed flow a homogeneous Hermitian metric g on a hyperellip-
tic surface converges exponentially fast in the C∞ topology to a flat Ka¨hler metric. Under
the family of metrics g(t)
t
, a hyperelliptic surface converges to a point in the Gromov-
Hausdorff sense.
Remark: Notice that ω is a flat Ka¨hler metric if and only if z = 0. This is therefore an
example of pluriclosed flow taking non-Ka¨hler initial data to a Ka¨hler metric.
Proof. A direct calculation from Proposition gives the Bismut-Ricci form and the resulting
pluriclosed ODE. From here, we compute
(|z|2)′ = −2 x0|z|
2
x0y0 − |z|2 ≤ −2
|z|2
y0
,
and so
|z| ≤ |z0|e−
1
y0
t
.
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
3.2. Hopf Surfaces.
Lemma 3.4. Let ω be a left invariant Hermitian metric on R × SU2. With respect to a
frame satisfying
dζ1 = (1−√−1α)ζ22 dζ2 = −ζ12 − ζ21
we have
η1 =
αx2 +
√−1(xy − x2 − 2|z|2)
xy − |z|2
η2 =
αxz −√−1z(x+ y)
xy − |z|2 ,
and so
ρb = (1−√−1α)αx
2 +
√−1(xy − x2 − 2|z|2)
xy − |z|2 ζ
22+
−αxz +√−1z(x + y)
xy − |z|2 (ζ
12 + ζ21) + conjugates.
Corollary 3.5. Pluriclosed flow for a left invariant metric on R× SU2 is given by
x′ = 0
y′ = 2
x((α2 + 1)x− y) + 2|z|2
xy − |z|2
z′ =
α
√−1xz − z(x+ y)
xy − |z|2
in particular, |z| = O(e− 1x0 t) and y → (1 + α2)x0.
Corollary 3.6. Under pluriclosed flow, a locally homogeneous Hermitian metric on a
Hopf surface converges in the C∞ topology to a metric which is independent of the initial
condition and is unique up to homothety.
Proof. We compute
(|z|2)′ = −2 |z|
2(x0 + y)
x0y − |z|2
and so
(|z|2)′ ≤ −2 |z|
2
x0
.
Thus
|z|2 ≤ |z0|2e−
2
x0
t
.
Note that y is increasing whenever y < (1 + α2)x0 and if y is nondecreasing then
y ≤ (α2 + 1)x0 + 2 |z0|
2
x0
e−
2
x0
t.
Therefore y → (1 + α2)x0. 
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Remark: A homogeneous Hopf surface is a compact complex surface whose universal
cover isC2\{0} and which has a finite index subgroup of the fundamental group generated
by the map θ(z, w) = (az, bw), where a, b ∈ C∗ and |a| = |b| < 1. One can identify
R× SU2 with C2\{0} so that the induced complex structure is left invariant and the map
θ is given by left multiplication by the element (|a|, id) ∈ R×SU2. The parameter α then
encodes information on the angles arg a and arg b of a and b. Because |a| = |b|, the metric
ω =
√−1 1
r2
∂∂¯r2
descends to the quotient Hopf surface. As shown by Ivanov and Gauduchon [2], up to
homothety this can be the only non-Ka¨hler fixed point of the flow on compact complex
surfaces.
3.3. Non-Ka¨hler, Properly Elliptic Surfaces.
Lemma 3.7. Let ω be a left invariant Hermitian metric on ˜SL2R × R. With the frame
given by
dζ1 = −√−1(ζ12 + ζ12) dζ2 = (α−√−1)ζ11,
we compute
η1 =
z(y − x)
xy − |z|2 +
√−1 −αyz
xy − |z|2
η2 =
xy + y2 − 2|z|2
xy − |z|2 +
√−1 −αy
2
xy − |z|2 ,
and therefore
ρb = (
−αyz +√−1z(x− y)
xy − |z|2 )(ζ
12 + ζ12)+
(α−√−1)(xy + y
2 − 2|z|2 −√−1αy2
xy − |z|2 )ζ
11 + conjugates.
Corollary 3.8. Pluriclosed flow of a left invariant Hermitian metric on ˜SL2R×R is given
by
x′ = 2(1 +
(1 + α2)y2 − |z|2
xy − |z|2 ) y
′ = 0
z′ =
−√−1αyz + z(y − x)
xy − |z|2 .
In particular, z = O(e−Ct) and x ∼ 2t.
Corollary 3.9. If ω(t) is a locally homogeneous solution to pluriclosed flow on a non-
Ka¨hler properly elliptic surface, then under the family of metrics ω(t)
t
the surface converges
to the base curve in the Gromov-Hausdorff sense.
Proof. We compute that xy − |z|2 is increasing since
2xy2 + 2(1 + α2)y3 − 4|z|2y + 2|z|2(x− y) > 0
whenever xy − |z|2 > 0. Then note that x′ ≥ 4 whenever x ≤ y, so for any δ > 0
(|z|2)′ ≤ |z|22(δ − 1
y0
)
for sufficiently large t. Thus
|z| ≤ Ce(δ− 1y0 )t
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for some constant C. x ∼ 2t is then immediate.
If π : Γ\ ˜SL2R×R→ Σ is the projection of a non-Ka¨hler properly elliptic surface to the
base curve Σ, the fibers are the leaves of the distribution spanned by the real and imaginary
parts of Z2. Moreover, there is a unique metric ωΣ on Σ such that π∗ωΣ = 2
√−1ζ11¯.
Now, if f : Σ → Γ\ ˜SL2R × R is any function (not necessarily continuous) such that
π ◦ f = id then, for any ǫ > 0, π and f are ǫ-Gromov-Hausdorff approximations with
respect to the metrics ω(t)
t
and ωΣ as long as t is sufficiently large. 
3.4. Kodaira Surfaces.
Lemma 3.10. Let ω be a left invariant metric on Nil3 × R. With a frame satisfying
dζ1 = 0 dζ2 = −√−1ζ11,
we compute
η2 =
y2
xy − |z|2 ,
and so
ρb = −√−1 y
2
xy − |z|2 ζ
11 + conjugate.
Corollary 3.11. Pluriclosed flow of a left invariant metric on Nil3 × R is given by
x′ = 2
y2
xy − |z|2
y′ = z′ = 0.
In particular
1
2
x2y0 − x|z0|2 = 2y20t+
1
2
x20y0 − x0|z0|2
for all t.
Corollary 3.12. Let g(t) be a homogeneous solution of pluriclosed flow on a primary Ko-
daira surface. Then under the metrics g(t)
t
the surface converges to a point in the Gromov-
Hausdorff sense.
Proof. This is a direct computation. 
Lemma 3.13. Let ω be a left invariant Hermitian metric on Nil ⋊ R. With a frame
satisfying
dζ1 = ǫ(−ζ12 + ζ12) dζ2 = ǫ√−1ζ11,
we compute
η1 = ǫ(− yz
xy − |z|2 +
√−1 xz
xy − |z|2 ),
η2 = ǫ(− y
2
xy − |z|2 +
√−12|z|
2 − xy
xy − |z|2 ),
and therefore
ρb =
−yz +√−1xz
xy − |z|2 (−ζ
12 + ζ12)+
xy − 2|z|2 −√−1y2
xy − |z|2 ζ
11 + conjugates.
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Corollary 3.14. Pluriclosed flow of a left invariant metric on Nil⋊R is given by
x′ = 2
y2
xy − |z|2 y
′ = 0
z′ = − (x+
√−1y)z
xy − |z|2 .
In particular x ∼ 2√y0t and |z| = O(e−Ct).
Corollary 3.15. Let g(t) be a homogeneous solution of pluriclosed flow on a secondary
Kodaira surface. Then under the metrics g(t)
t
the surface converges to a point in the
Gromov-Hausdorff sense.
Proof. Similar to the previous cases, we compute
(|z|2)′ ≤ −|z|
2
y0
,
and so |z| = O(e−Ct). Then note that
2y0
x
≤ x′ ≤ 2y
2
0
xy0 − |z0|2 .

3.5. Inoue Surfaces.
Lemma 3.16. Let ω be a left invariant Hermitian metric on the solvable Lie group with
frame satisfying
dζ1 = −λζ12 + λζ12 dζ2 = −2a√−1ζ22.
Then we compute
η1 =
2azx+
√−1λ¯zx
xy − |z|2 ,
η2 =
√−1(λ+ λ¯)|z|2 + (2a−√−1λ)xy
xy − |z|2 .
Therefore the Bismut-Ricci form is
ρb =
2azx+
√−1λ¯zx
xy − |z|2 (−λζ
12 + λζ12)+
(
2a(λ+ λ¯)|z|2 + (−4a2√−1− 2aλ)xy
xy − |z|2 )(ζ
22) + conjugates.
Corollary 3.17. Pluriclosed flow of a left invariant metric on the solvable family is given
by
x′ = 0,
y′ = 12a2(1 +
|z|2
xy − |z|2 ),
z′ = −(3a2 + b2 + 2ab√−1) xz
xy − |z|2 .
In particular, y ∼ 12a2t and |z| is bounded.
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Proof. We compute
(|z|2)′ = −(3a2 + b2) x0|z|
2
x0y − |z|2 ,
which shows that |z| is bounded. It is then immediate that y(t)/t→ 12a2. 
Corollary 3.18. Let ω(t) be a locally homogeneous solution to pluriclosed flow on an
Inoue surface of type SA. Then under the family of metrics g(t)t , SA converges to a circle
of length√6|a| in the Gromov-Hausdorff sense.
Proof. We recall the construction of an Inoue surface of type SA. Choose a matrix A ∈
SL3Z with eigenvalues α, α¯, and c = |α|−2, where α 6= α¯ and |α| 6= 1. Write α = |α|eiθ .
Consider the solvable Lie group G of matrices of the form


αs 0 w
0 cs r
0 0 1

 ,
where r, s ∈ R, w ∈ C. This group has Lie brackets given by [X4, X1] = aX1 + bX2,
[X4, X2] = −bX1 + aX2, and [X4, X3] = −2aX3, where a = log |α| and b = θ. There
is a natural identification of G with C × CH1 given by sending an element as before to
(w, r+cs
√−1). Under such an identification, left multiplication is a biholomorphism. Let
(a1, a2, a3)
T be an eigenvector of α and (c1, c2, c3)T be a real eigenvector of c. Consider
the lattice Γ generated by the elements
g0 =


α 0 0
0 c 0
0 0 1

 gi =


1 0 ai
0 1 ci
0 0 1

 .
As shown by Inoue [4], the quotient Γ\G = SA forms a compact complex surface of class
V II0 with the property that it has no complex curves. Moreover, SA is a T 3 bundle over
S1, where the projection π : SA → S1 is given by mapping (the equivalence classes of)
(w, r + cs
√−1) to cs; this projection is induced by the natural projection of C× CH1 to
the imaginary axis of the second factor.
Consider the closed curve γ : S1 → SA given by γ(s) = (0, cs
√−1). Note that this is
well defined as a map of equivalence classes and π ◦ γ = id. Let ω(t) be a left invariant
solution to pluriclosed flow on G. With respect to ω(t), γ has length Lω(γ) =
√
y(t)
2 .
Therefore, with respect to the metrics ω(t)
t
, the length of γ approaches
√
6|a| as t → ∞.
Because there are no curves in SA, the real and imaginary parts of Z1 form an integrable
distribution whose leaves are dense in each T 3 fiber. Now, because the length of Z1 with
respect to ω(t) is fixed in time, for any ǫ > 0 the diameter of each T 3 fiber with respect
to the metric ω(t)
t
is less than ǫ for t sufficiently large. Therefore γ and π are ǫ-Gromov-
Hausdorff approximations between the circle of length
√
6|a| and SA with the metric ω(t)t
for t sufficiently large. 
Lemma 3.19. Let ω be a left invariant Hermitian metric on Sol1 with frame given by
dζ1 = ζ11¯ dζ2 = ζ12 + ζ12¯.
Then
η1 = −
√−12xy − |z|
2 − z2
xy − |z|2 ,
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η2 = −
√−1 y(z¯ − z)
xy − |z|2 ,
and so
ρb11¯ = −
√−14xy − (z + z¯)
2
xy − |z|2 ,
ρb22¯ = 0,
ρb12¯ = −
√−1 y(z¯ − z)
xy − |z|2
Corollary 3.20. Pluriclosed flow of a left invariant metric on Sol1 is given by
x′ =
4xy − (z + z¯)2
xy − |z|2
y′ = 0
z′ =
y(z¯ − z)
xy − |z|2 .
In particular, x ∼ 4t and z is bounded.
Proof. We compute
(|z|2)′ = y(z − z¯)
2
xy − |z|2 ≤ 0,
which shows that |z| is bounded. Then, noting that x′ ≥ 4, we conclude the result. 
Lemma 3.21. Let ω be a left invariant Hermitian metric on Sol′1 with frame satisfying
dζ1 = ζ11¯ dζ2 = −ζ11¯ + ζ12¯ + ζ12.
Then
η1 = −
√−12xy − yz − |z|
2 − z2
xy − |z|2 ,
η2 = −
√−1y(z¯ − z)− y
2
xy − |z|2 ,
and so
ρb11¯ = −
√−14xy − y(z + z¯)− (z + z¯)
2 + 2y2
xy − |z|2 ,
ρb22¯ = 0
ρb12¯ = −
√−1y(z¯ + z)− y
2
xy − |z|2
Corollary 3.22. Pluriclosed flow of a left invariant metric on Sol′1 is given by
x′ =
4xy − y(z + z¯)− (z + z¯)2 + 2y2
xy − |z|2 y
′ = 0,
z′ =
y(z¯ − z)− y2
xy − |z|2 .
In particular, x ∼ 4t and |z| = O(log t).
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Proof. First, note that the imaginary part of z is bounded and it suffices to assume that z
is real. For simplicity, rescale the initial condition so that y0 = 1. Then x and z satisfy the
system
x′ = 4 + 2
1− z
x− z2 z
′ = − 1
x− z2 .
This implies that
0 > z′ ≥ − 1
4t+ x0 − z20
,
which gives |z| = O(log t). 
Corollary 3.23. Let ω(t) be a locally homogeneous solution to pluriclosed flow on an
Inoue surface of type S+. Then under the family of metrics ω(t)
t
the surface S+ converges
to a circle of length √2| logλ| in the Gromov-Hausdorff sense, where λ depends on the
construction of S+. For an Inoue surface of type S− the surface converges to a circle of
length 2
√
2| logλ|.
Proof. We recall the construction of an Inoue surface of type S+. Let N ∈ SL2Z
have positive eigenvalues λ 6= 1, λ−1 and corresponding eigenvectors (a1, a2)T , (b1, b2)T .
Choose integers j, k, l with l 6= 0 and a complex number κ. Let Sol41 be the group of
matrices of the form 

1 u v
0 q r
0 0 1


where q, r, u, v ∈ R and q > 0. For m ∈ R this group has transitive actions on CH1 × C
with trivial stabilizers so that an element as before maps (
√−1, 0) to
(r +
√−1q, v +√−1(u+m log q),
with Sol1 corresponding to the m = 0 and Sol′1 corresponding to the m 6= 0 cases. By
taking m = ℑ(κ)log λ we can obtain a cocompact lattice Γ generated by
g0 =


1 0 ℜ(κ)
0 λ 0
0 0 1

 gi =


1 bi ci
0 1 ai
0 0 1

 g3 =


1 0 b1a2−b2a1
l
0 1 0
0 0 1

 ,
where ci are determined by the previously chosen data. The quotient by this lattice gives
an Inoue surface of type S+. An Inoue surface of type S− is formed by a similar quotient
where m = 0 and λ is replaced with λ2. As shown by Inoue, these are compact complex
surfaces of class V II0 with no curves and, similarly to the type SA case, these are bundles
over S1 such that the real and imaginary parts of Z2 span an integrable distribution whose
leaves are dense in each fiber. The curve γ : [0, 1] → S given by γ(t) = (√−1λt, 0)
provides the relevant Gromov-Hausdorff approximation for t sufficiently large and we ob-
serve that the fibers are shrinking with respect to the metrics ω(t)
t
as in the case of Inoue
surfaces of type SA. 
We can now complete the proof of Theorem 1.2.
Proof. Let ω(t) be a locally homogeneous solution to pluriclosed flow on a compact com-
plex surface which exists on [0,∞). If ω0 is Ka¨hler then it is a product of Ka¨hler-Einstein
metrics with non-positive scalar curvatures. Under the rescaled metrics ω(t)
t
the surface
either converges to a product of Ka¨hler-Einstein metrics with negative scalar curvature, as
in the case where the universal covering metric is CH2 or CH1 × CH1, collapses to a
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curve of genus g ≥ 2, as in the case CH1 × C, or collapses to a point, as in the case of
a flat metric on C2. If ω0 is non-Ka¨hler, note that it must be a left invariant Hermitian
metric on one of the Lie groups considered before. Given that it is not a solution on the
Hopf surface, the claimed Gromov-Hausdorff convergence follows from the case by case
analysis considered throughout this section. 
4. BLOWDOWN LIMITS OF HOMOGENEOUS SOLUTIONS
Let (M, g(t)) be a 1-parameter family of Riemannian manifolds for t ∈ (0,∞). Sup-
pose that a blowdown limit g∞(t) = lim
s→∞
s−1g(st) exists in the sense that there is a
1-parameter family of diffeomorphisms θs of M such that θs1 ◦ θs2 = θs1s2 and g∞(t) =
lim
s→∞
θ∗ss
−1g(st) uniformly on compact subsets of M × (0,∞). Fix some a > 0. Then
g∞(at) = lim
s→∞
θ∗ss
−1g(sat) = aθ∗a−1 lim
s˜→∞
θ∗s˜ s˜
−1g(s˜t) = aθ∗a−1g∞(t).
This implies that
g∞(t) = tg∞(1)
up to diffeomorphisms of M . Therefore, if g∞(t) satisfies some geometric flow then it
is an expanding soliton solution of that flow. This construction has been used in [7] to
give expanding soliton solutions to Ricci flow by performing blowdown limits of type III
homogeneous Ricci flows.
In this section we will construct expanding soliton solutions to pluriclosed flow by ap-
plying blowdown limits to the homogeneous solutions of the previous section. We will
write X1 and −X2 for the real and imaginary parts of Z1 respectively, and similarly for
X3, −X4, and Z2. With respect to the dual basis σi to the Xi we see that
ζ1 =
1
2
(σ1 +
√−1σ2) ζ2 = 1
2
(σ3 +
√−1σ4),
and so our metrics have the form
ω =
1
2
(xσ12 + yσ34 −ℑ(z)(σ13 + σ24) + ℜ(z)(σ14 − σ23)).
4.1. The Hyperelliptic Case.
Proposition 4.1. Let ω(t) be a left invariant solution of pluriclosed flow on E˜(2) × R.
There is a blowdown limit ω∞(t) = lims→∞ s−1ω(st) of the form
ω∞(t) =
1
2
(x0σ
12 + y0σ
34)
which is an expanding soliton solution. It is isometric to the flat metric on C2.
Proof. Recall that x′ = y′ = 0, and |z| = O(e−Ct) for some constant C depending on the
initial conditions. Define diffeomorphisms ψs : R4 → E˜(2)× R by
ψs(q, r, u, v) = αs(q, r)βs(u, v),
where
αs(q, r) = exp(
√
s(qX1 + rX2))
and
βs(u, v) = exp(
√
s(uX3 + vX4)).
Write θs = ψs ◦ ψ−11 . We see that
s−1θ∗s(ω(st)) =
1
2
(x0σ
12 + y0σ
34) +O(e−Cst)
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and so there is a blowdown limit
ω∞(t) =
1
2
(x0σ
12 + y0σ
34).

4.2. The Non-Ka¨hler, Properly Elliptic Case. Recall that our T 1,0 frame has Lie brack-
ets
[Z1, Z2] =
√−1Z2 [Z1, Z2] =
√−1Z1
[Z1, Z1] = (
√−1− α)Z2 + (
√−1 + α)Z2.
With respect to the basis Xi described above, the Lie brackets are
[X1, X2] = X3 − αX4 [X3, X2] = X1 [X1, X3] = X2
and the complex structure is given by JX1 = X2 and JX3 = X4.
Lemma 4.2. Any element of ˜SL2R×R can be written uniquely as exp(qX1+rX2) exp(uX3+
vX4).
Proof. This follows from [7], Lemma 3.34, where we note that X4 is central and our X1,
X2, and X3 correspond, respectively, to X3, X2, and X1 of that Lemma. 
Proposition 4.3. Let ω(t) be a left invariant solution to pluriclosed flow on ˜SL2R × R.
Then there is a blowdown limit ω∞(t) given by a product metric
ω∞(t) = ωCH1(t)⊕ ωC
on CH1 × C which is an expanding soliton solution.
Proof. The argument is the same as in [7] for the blowdown limit for a homogeneous Ricci
flow on S˜L2R. Recall that x ∼ 2t, y′ = 0, and |z| = O(e−Ct). Consider the family of
diffeomorphisms ψs : R4 → S˜L2R× R given by
ψs(q, r, u, v) = exp(qX1 + rX2) exp(s
1
2 (uX3 + vX4)),
write A(q, r) = exp(qX1 + rX2) and Bs(u, v) = exp(s
1
2 (uX3 + vX4)) and let
h−1dh = B−1s A
−1dABs + s
1
2 (duX3 + dvX4)
be the Maurer-Cartan form. We compute
s−1ψ∗sω(st) ∼
1
2
(2t((B−1s A
−1dABs)1 ∧ (B−1s A−1dABs)2) + y0(du ∧ dv)).
The proof is concluded by noting that conjugation byBs gives a rotation in the (q, r)-plane,
so there is a blowdown limit
ω∞(t) =
1
2
(2t(A−1dA)1 ∧ (A−1dA)2 + y0du ∧ dv),
which is now a product metric solution on CH1 × C. 
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4.3. The Kodaira Surface Cases.
Proposition 4.4. Let ω(·) be a left invariant solution to pluriclosed flow on Nil×R. Then
there is a blowdown limit
ω∞(t) =
1
2
(2
√
y0tσ
12 + y0σ
34)
of ω(·) which is an expanding soliton solution.
Proof. Recall that x ∼ 2√y0t and y′ = z′ = 0. Define diffeomorphisms ψs : R4 →
Nil× R by
ψs(q, r, u, v) =




1 s
1
4 r s
1
2 u
0 1 s
1
4 q
0 0 1

 , s 12 v

 ,
and let θs = ψs ◦ ψ−11 . We see that
s−1θ∗sω(st) =
1
2
(2
√
y0tσ
12 + y0σ
34) +O(s−
1
4 ).
Therefore the blowdown limit is given by
ω∞(t) =
1
2
(2
√
y0tσ
12 + y0σ
34)

Proposition 4.5. Let ω(t) be a left invariant solution to pluriclosed flow on Nil⋊R. Then
there is a blowdown limit
ω∞(t) =
1
2
(2
√
y0tσ
12 + y0σ
34)
given by the expanding soliton solution on Nil × R
Proof. Recall that x ∼ 2√y0t, y′ = 0, and |z| = O(e−Ct). Note that these groupsNil⋊R
and Nil × R are diffeomorphic. For the same coordinates as in the previous case, use the
same diffeomorphisms θs to obtain the desired blowdown limit. 
4.4. The Inoue Surface Cases. Let ω(t) be a left invariant solution to pluriclosed flow
on the solvable family. Recall that x′ = 0, y ∼ 12a2t, and |z| = O(1).
Proposition 4.6. There is a blowdown limit
ω∞(t) =
1
2
(x0σ
12 + 12a2tσ34)
Proof. Define diffeomorphisms ψs : R4 → G by
ψs(q, r, u, v) =


eav cos(bv) −eav sin(bv) 0 s 12 q
eav sin(bv) eav cos(bv) 0 s
1
2 r
0 0 e−2av u
0 0 0 1


and let θs = ψs ◦ ψ−11 . Then
s−1θ∗sg(st) =
1
2
(x0σ
12 + 12a2tσ34) +O(s−
1
2 )

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Proposition 4.7. Let ω(t) be a left invariant solution to pluriclosed flow on Sol1. There is
a blowdown limit
ω∞(t) =
1
2
(4tσ12 + y0σ
34)
Proof. Recall that x ∼ 4t, y′ = 0, and z is bounded. Define diffeomorphisms ψs :
R3 × R+ → Sol1 by
ψs(u, v, r, q) =


1 s
1
2u s
1
2 v
0 q r
0 0 1


and let θs be as before. We see that
s−1θ∗sg(st) =
1
2
(4tσ12 + y0σ
34) +O(s−
1
2 )

Proposition 4.8. Let ω(t) be a left invariant solution to pluriclosed flow on Sol′1. There is
a blowdown limit
ω∞(t) =
1
2
(4tσ12 + y0σ
34)
given by the expanding soliton solution with respect to the other complex structure Sol1.
Proof. Recall that x ∼ 4t, y′ = 0, and |z| = O(log t). Let σi be one forms dual to the Xi
associated to the complex structure Sol1. The one forms σ˜i, dual to the X˜i associated to
the complex structure Sol′1, are given by
σ˜i = σi (i = 1, 2, 3) σ˜4 = σ4 − σ2.
If
ω =
1
2
(xσ˜12 + yσ˜34 −ℑ(z)(σ˜13 + σ˜24) + ℜ(z)(σ˜14 − σ˜23)
is a left invariant Hermitian metric with respect to the complex structure Sol′1, we see that
ω =
1
2
(xσ12 + y(σ34 − σ32)−ℑ(z)(σ13 + σ24) + ℜ(z)(σ14 − σ12 − σ23)).
Therefore, using the same diffeomorphisms θs as in the previous proposition, we find a
blowdown limit
ω∞(t) =
1
2
(4tσ12 + y0σ
34)

We are now able to prove Theorem 1.1
Proof. Let ω(t) be a locally homogeneous solution to pluriclosed flow on a compact com-
plex surfaceM which exists on the maximal time interval [0, T ). If T is finite then M must
be either CP 2 or a product of CP 1 with a curve. Suppose then that T = ∞. If ω(t) is
Ka¨hler then the induced metric on the universal cover of M is one of CH2, CH1 × CH1,
CH1 × C, or C2. In each case, the induced metric is a product of Ka¨hler-Einstein metrics
and it is easy to obtain the required diffeomorphisms to show the existence of a blowdown
limit. If ω(t) is non-Ka¨hler, it is either a Hopf surface or one of the metrics considered
in this section. It was shown in Corollary 3.5 that the pluriclosed flow of a homogeneous
metric on a Hopf surface converges to a canonical metric up to homothety, and we have
already constructed blowdown limits for the remaining cases. 
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5. CONCLUSION
We have seen the long time behavior of pluriclosed flow on a wide variety non-Ka¨hler
complex surfaces and have observed that information of the complex structure of such a
surface is contained in the asymptotic behavior of the flow. This is a small step toward
using the flow to study all non-Ka¨hler complex surfaces, and the philosophy is that one
would like to take a result which holds for the (Ka¨hler-)Ricci flow and prove an analogous
result in this pluriclosed setting.
For example, it was shown in [8] that a 3-dimensional type III solution to Ricci flow
has a pullback metric on the universal cover which approaches a homogeneous expanding
soliton. The main ingredients of the proof of that are a groupoid compactness result for
type III Ricci flow solutions and a modified expanding entropy functional W+. It is not
unreasonable to think that a similar compactness result holds for solutions to pluriclosed
flow, and, as shown in Section 6 of [11], after pulling back by diffeomorphisms pluri-
closed flow admits an analogous monotonic expanding entropyW+. It is highly likely that
one can modify this entropy to prove that type III solutions to pluriclosed flow approach
homogeneous metrics when pulled back to the universal cover. Work toward this end is
ongoing.
We are also interested in the behavior of the family of flows
dω
dt
= −(ρτω)(1,1),
for different values of τ . Here ρτω is the Ricci-form associated to the connection ∇τ in
the canonical family of Gauduchon [3]. The case τ = −1 gives the Bismut connection
and corresponds to the pluriclosed flow considered in this paper. The case τ = 1 gives
the Chern connection and the flow corresponds to the Chern-Ricci flow considered by
Tosatti and Weinkove and, similar to what we have done here, homogeneous and soliton
solutions to Chern-Ricci flow on Lie groups have been studied in [6]. We are interested
in the bifurcation theory for this family of flows on homogeneous complex surfaces. For
example, the Chern-Ricci flow of a homogeneous metric on the Hopf surface must have
a finite time singularity, but we have seen that pluriclosed flow always converges to a
canonical metric in this case. Additionally, as shown in [6], any left invariant Hermititan
structure on a nilpotent Lie group is fixed under Chern-Ricci flow, while we have seen
non-trivial solutions to the pluriclosed flow on Nil × R. Therefore there are values of τ
which induce qualitative changes in the behavior of solutions to this family of flows on a
complex surface and, speculatively, the corresponding connections ∇τ may be canonical
for the complex surface in some sense.
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